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. INTRODUCTION

Zadeh [11] introduced the concept of fuzzy setsin 1965
and in the next decade Kramosil and Michalek [12]
introduced the concept of fuzzy metric spaces in 1975,
which opened an avenue for further development of
analysis in such spaces.Vasuki [13] investigated same
fixed point theorem s in fuzzy metric spaces for R-weakly
commuting mappings and pant [14] introduced the
notion of reciprocal continuity of mappings in metric
spces.Balasubramaniam et al and S. Muralishankar,R.P.
Pant [15] proved the poen problem of Rhodes [16] on
existence of a contractive definition. Recently, Cho et a
[2] initiated the concept of compatible maps of type (£) in
fuzzy metric spaces by giving interesting relationship of
these type of mapping with compatible and compatible of
type () mappings.

1. PRELIMINARIES

Definition 2.1. A binary operation 8 * : [0, 1] x [0, 1] -
[0, 1] is called a t —norm if ([0, 1], *) is an abelian
topological monoid with unit 1 such that a* b<c * d
whenevera<candb<dfora b,c,d [0, 1].
Examples of t-normsarea*b=aband a* b =min{a, b}
Definition 2.2. ([9]) The 3-tuple (X,M, *) is caled a
fuzzy metric space , if X is an arbitrary set, * is a
continuous t-norm and M is a fuzzy set in X2 x [0,)
satisfying the following conditions: for al x,y,z X and
s t>0.

(F.M-1) M(x,y, 0) =0,

(FM-2) M(x,y,t)y=1fordl t>0if and only if x =y,
(F.M-3) M(x, y, t) = M(y, X, t),

(F.M-4) M(x,y, t) *M(y, z,9) < M(X, z, t +9),

(F.M-5) M(x, Y, -) : [0,00) x [0, 1] isleft continuous,
(FM-6) M(x,y, t) =1.

Note that M(X, y, t) can be considered as the degree of
nearness between x and y with respect to t. We identify x
=y withM(x,y, t) =1foralt>0.

Example 2.1. ([4]) Let (X, d) bea metric space. Define a

* b =min{a, b} and M(x,y,t) = for dlx,y X

t+d(
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and dl t > 0.Then (X,M, *) is a fuzzy metric space. It is
called the fuzzy metric space induced by the metric d.
Lemma 2.1. Let (X,M, *) be afuzzy metric space .If there
exist k (0,1) such that M(x,y, kt) = M(x,y,t) for
alx,y € Xandt >0thenx=y.

Definition 2.3. ([5]) Let (X,M, *) be a fuzzy metric
space. A sequence { xn } in X is said to converge to a
point x X if lim,_ ,M(x,,xt)=1for al t > 0.
Further, the sequence {xn} is said to be a Cauchy
sequence if 1im ,,_c M(xp, Xp4p,t) = 1foral t>0andp
> 0. The space is said to be complete if every Cauchy
sequencein X convergesto apointin X.

I11. COMPATIBLE MAPS

In this section, we give the concept of different types of
compatible maps and some properties of them for our
main result.

Definition 3.1. ([10]) Two maps A and S from a fuzzy
metric space (X,M, *) into itself are said to be R weakly
commuting if there exists a positive real number R such
that for eachx X M(ASx, SAX,Rt) = M(AX, Sx, t)
Definition 3.2. ([7]) Two maps A and B from a fuzzy
metric space (X,M, *) into itself are said to be compatible
if lim,_,M(ABx,, BAx,,t) =1 for al t > 0, whenever
{xn} is a sequence such that lim ., Ax, =1lim,_ . Bx,
=x forsomex X.

Definition 3.3. ([1]) Two maps A and B from a fuzzy
metric space (X,M, *) into itself are said to be compatible
of type () If lim,_ ,M(ABx,, BBx,,t)=1
lim,, ., M(BAx,, AAx,, t) =1 for al t > O, whenever
{xn} is a sequence such that lim ., Ax,, =lim ,_, Bx, =
x for somex X.

Definition 3.4. ([2]) Two maps A and B from a fuzzy
metric space (X,M, *) into itself are said to be compatible
of type (B) if lim an(AAxn, BBx,,t) =1 fordlt>0,
whenever {xn} is a sequence such that lim,,_, Ax, =
lim, ., Bx, =x forsomex X.

Definition 3.5. Two maps A and B from a fuzzy metric
space (X,M, *) into itself are said to be weak -compatible
if they commute at their coincidence points, i.e., AX = BX
implies ABx = BAX.

Definition 3.6. A pair (A, S) of sdf-maps of a fuzzy
metric space (X,M, *) is said to be semi-compatible if
lim,,_Ax, = sx whenever {xn} is a sequence such that
lim,  .Ax, =lim, ,Bx, =x * X. It follows that (A, S)
is semi-compatible and Ay = Sy then ASy = SAy.
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Remark 3.1. Let (A, S) be a pair of self-maps of a fuzzy
metric space (X,M, *). Then (A, S) is R-weakly
commuting implies that (A, S) is compatible, which
impliesthat (A, S) is weak-compatible. But the converseis
not true.

Theorem3.1. Let A,B,S,T,L and M be self maps on
a complete Fuzzy metric space (X, M, ) witht t =t for
alt [0,1], satisfying

(@ L(X)<ST(X), M(X)< AB(X);

(b) thereexist aconstantk (0,1) such that

M?(Lx, My, kt) = [M (ABx, Lx, kt). M(STy, My, kt)] « [

> [pM(4Bx, Lx,t) + qM (ABx, STy, t)IM(ABx, My, 2kt)

for al x,y Xandt>0 where 0 <p,q <1 such that
ptq=1,

(c) AB=BA, ST=TS, LB=BL, MT=TM

(d) either AB or L is continuous,

(e) thepair(Ab,L) is compatible of type( ) and (M,ST)
isweak compatible. Then A, B, S, T, L and M havea
unique common fixed point.

Proof : Let x, be an arbitrary point of X. By (a) there

exist x; x, € X such that Lxy=STx; = y,
And Mx; = ABx, = y,.Inductively ,we can construct
sequences{x, } and {y,} in X such that Lx,,, = STyp,41 =
Yan and MXap41 = ABXoni2 = Yaner for n=0,1,2
Sep [. By Taking x = x,, and y = x5, in (b) we have
M2 (LxZn' Mx2n+1' kt)
* [M(ABXpn, Loy, kt). M(ST X541, MXpn4q, k)]
[1 + M(Lxyy, Mxop 4, kt)
: 2
= [PM (ABxZn: LxZn! t)
+ qM(ABXZn, STX2n+1, t)]M(ABxZnI Mx2n+1l 2kt)
M?(Yan, Yon+1, kt)
* [M(yZn—li Yan, kt) M(yva Yan+1 kt)]
" [1 + M(yZn' YVen+1s kt)
2

= [(P + q)M(yZnﬁyZn—l,t)]M(yZn—lﬁy2n+1: Zkt)
M (Yan, Yon+1, k). [M(Y2n—1, Yan, kt)
* M (Yo, Yan+1, kt)]
> [(0 + OM(Yzn Yon-1,6) M Y2n-1, Yans1, 2kE)
Mz (YZn' Yon+1 kt)- M(yZn—lv Yon+1) Zkt)
= M(an—p yZn,t)M(yZn—l' Yan+1, 2kt)
Hence, we have

M (Y2, Yan+1, kt) = M(YZn—1s YZn,t)
Similarly we also have

M(Yans1: Yons2: kt) = M(yan YZn+1,t)
In general for al n even or odd, we have

M(yn' Yn+1 kt) = M(yn—lxym t)
fork (0,1) and all t > 0. Thus by Lemma (2.1), {y,,}

is a Cauchy sequence in X. Since (X, M, *) is complet ,it

convergesto apoint zin X.

Also its subsequences converges as fallows: {Lx,,} -
z,{ABx;n} » z2,{Mx2y 11} ~ z,and {STxpn41} > Z.
Case |. AB is continuous. Since AB is continuous,
AB(AB)x,, - ABz and L(AB)x,, - ABz

Since(AB, L) iscompatible of type , L(AB)x,, -~ ABz

1+ M(Lx, My,r)]
2

Step 2. By taking x = ABx,, andy = x;p4q in (b)

M2(LABxy, ,MxXypsq ,kt)

* [M(ABABx,, ,L ABx,, ,kt).M(STxpp.1 , Mxyn,q1  kt)]
[1 + M(LABxy, ,Mxpns ,kt)

* 5 |

> [pM(ABABx,, ,LABx,,,t)

+ qM(ABABx,, ,STxyp41 t)IM(ABABx,, ,MXyn.q ,2kt)

1+ M(4Bz,z, kt)]
2

M?(ABz,z,kt) = [M(ABz, ABz, kt).M(z,z, kt)] »

= [pM(ABz ,ABz ,t) + qM(ABz ,z,t)IM(ABz, z, 2kt)
M?(ABz,z kt) = [pM(ABz ,ABz ,t)
+ qM(ABz,z,t)IM(ABz, z, 2kt)
M?(ABz,z,kt) = [p + qM(ABz ,z,t)]M(ABz, z, kt)
M(ABz, z,kt) = [p + qM(ABz ,z,t)]
=[p+qM(ABz,z1t)]
M(ABz,z, kt) = p + qM(ABz , z, kt)

M(ABz, 2, kt) > 1% =1
fork (0,1) andt > 0. Thus ,we have z = ABz.
Sep 3.Bytaking x = zand y = x,,4, in (b) we have
M?(Lz, Mx2p4 kt)
|M(ABz, Lz, kt). M(STx3n 11, MXoni1 kt)]
| 1+ M(LBz, Mx2n+1,kt)]
2

> |pM(ABz, Lz,t)
+ qM(ABz,STxyn41,t)|M(ABz, Mx3,, 44, 2kt)
1+ M(Lz, z kt)
)
= [pM(z, Lz, t) + qM(z,z,t)|M(z, z, 2kt)
M?(Lz,z, kt) * [M(z,Lz, kt). M(z, z, kt)]
> [pM(z,Lz,t) + qM (2, 2, t)IM(z, z, 2kt)
M(Lz,z, kt).[M(Lz,z kt) = 1] = [pM(z, Lz, t) + q]
M?(Lz,z, kt) = pM(z,Lz,t) +q
M(Lz,z, kt) = pM(z,Lz,t) + q
M(Lz,z,kt) = pM(z,Lz,t) + q
M(Lz,z,kt) = pM(z,Lz, kt) + q

M(Lz, z, kt) 2L= 1
1-p

for k € (0,1) and t > 0. Thus , we have z = Lz = ABz.
Sep 4. Bytaking x = Bz, y = x,,,, in(b) we have
M?(LBz, My 41 kt)
|M(ABBz, LBz, kt)M(STx2n41, MXyn41 kt)|
1+ M(LBz, Mx2n+1_kt)]
| 2

> |pM(ABBz, LBz, t)

+ qM(ABBz, STxyp41,t)|M(ABBz, Mx3p 14, 2kt)
Since AB = BA and BL = LB, we have L(Bz) = B(Lz) =
Bz and AB(Bz) = B(ABz) = Bz. Letting n - oo, we have
M?(Bz,z,kt) * [M(Bz,Bz, kt)M(z, z, kt)] =
[pM(Bz,Bz,t) + qM(Bz, z,t)|M(Bz, z, 2kt)

M?(Bz,z,kt) = [p + qM(Bz, z,t)]M(Bz, z, 2kt)]

M?(Bz,z kt) = [p + qM(Bz, z,t)|M(Bz, z, kt)]

M(Bz,z,kt) = [p + qM(Bz,z,t)]
> [p + qM(Bz, z,kt)]

MZ2(Lz,z, kt) = [M(z, Lz, kt). M(z,z, kt)] =
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p
M(B =>—=
(Bz, z, kt) 1—¢ 1

For k € (0,1) and all t > 0. Thuswe have z = Bz. Since
z = ABz,we have z = Az therefore, z= Az =Bz = Lz.
Sep 5. Since L(X)  ST(X), thereexist v X such that
z =Lz = STv, by taking x = x,, ,y = v in(b), we have
M?(Lxypn, Mv,kt) |M(ABxyp, Lxon, kt)M(STv, Mv, kt)|
1+ M(Lxy,, My, kt)]
| 2
= |pM(ABx,y, Lxgy, t)
+ gM(ABxy, ST, t)|M(ABx,, Mv, 2kt)
Which impliesthat n - «

1+ M(z, Mv, kt)

2

> [pM(z,z,t) + qM(z,z,t)] M(z, Mv, 2kt)

M?(z, Mv, kt) * [M(z, z, kt)M (z, Mv, kt)]

> [pM(z,z,t) + qM(z,z,t)] M(z, Mv, 2kt)
M?(z, Mv, kt) = [M(z, Mv, kt)] = [p + q] M(z, Mv, 2kt)

M?(z, Mv, kt) = M(z, Mv, 2kt)
M(z, Mv, kt) = M(z, Mv, 2kt)
M(z, Mv, kt) = M(z, Mv, t)
> M(z, Mv,t)
Thus by lemma (2.1), we have z = Mv and so z = Mv.
Since (M, ST) is weak compatible, we have STMv =
MSTv. Thus STz = Mz.
Sep 6. By taking x = x,,,, ¥y = zin (b) and using step
(5), we have
M?(Lxyy Mz, kt) |M(ABxyp, Lxyy, kt)M(STz, Mz, kt)|
| 1+ w]
2

= |pM(ABxyn Lxsp t)
+ qM(ABx,,,, STz, t)|M(ABx,, Mz, 2kt)
Which impliesthat as n — o«

MZ(z, My, kt) = [M(z,z, kt )M (z, Mv, kt)] =

MZ(z, Mz, kt) = [M(z,z, kt).(Mz, Mz, kt)] = |1 +

2
> [pM(z,2,t) + qM(z, Mz, t)|M (z, Mz, 2kt)
M?%(z, Mz, kt) * [M(z, z, kt). M(Mz, Mz, kt)]

> [p+qM(z,Mz,t)|M(z, Mz, 2kt)
M?(z,Mz,kt) = [p + qM(z, Mz, t)]M(z, Mz, 2kt)
M?(z, Mz, kt) = [p + qM(z, Mz, t)]M(z, Mz, kt)
M(z, Mz, kt) = [p + qM(z, Mz, t)|M(z, Mz, kt)
= [p+qM(z,Mz,t)]
M(z, Mz, kt) = p + qM(z, Mz, kt)

M(z, Mz, kt) 2L= 1
1-q

M(z, Mz,kr)]

Thus we have z = Mz and therefore z= Az = Mz =
Bz =1Lz = STz.
Sep 7. By taking x = x,,, y = Tz in (b), we have
M?(Lx,, MTz, kt)
|M(ABx,y, Lxyn, kt)M(STTz, MTz, kt)|
1+ M(LxZné\de, kt)]

= |pM(ABxz, Lxynt)
+ qM(ABx,, STTz,t)|M(ABx,, MTz 2kt)

Since MT = TM and TS = ST, wehave MTz = TMz =
Tz and ST(Tz) = T(STz) = Tz. Letting n — owe have

M(z, Tz,kt)]
2

M*(z, Tz, kt) = [M(z,z, kt IM(Tz, Tz, kt)] = |1 +

> [pM(z,2,t) + qM(z, Tz, t)IM(z, Tz, 2kt)
M?(z,Tz,kt) [M(z, z kt)M(Tz, Tz, kt)] :
> [pM(z,2,t) + qM(z,Tz,t)|M(z, Tz, 2kt)
M?(z,Tz,kt) = [p + qM(z, Tz, t)]M(z, Tz, kt)
M(z, Tz, kt) = [p + qM(z,Tz,t)]
=[p + qM(z, Tz kt)]

M(z, Tz, kt) 2L= 1
1—gq

Thus we have z=Tz. Since Tz = STz, we aso have
z=S8z Thaeore z=Az=Bz=Lz=Mz=5z="Tz,
that is zis he common fixed point of the six maps.

Casell. L iscontinuous.

Since L is continuous, LLx,, Lz and L(AB)x,, - Lz.
Since (AB, L) is compatible of type , therefore
(AB)Lx,, = Lz.

Sep 8. By taking x = Lxy,, ¥ = X544 in (b) we have
M(z, Lz,kt)}

M%(z, Lz, kt) = [M(Lz, Lz, kt)M(z,z, kt)] = |1 +

2
= [pM(Lz,Lz,t) + qM(z, Lz, t)IM(z, Lz, 2kt)
M?(z,Lz, kt) « [M(Lz, Lz, kt) M (z, z, kt)]
= [pM(Lz, Lz, t) + qM(z,Lz,t)|M(z, Lz, 2kt)
M?(z,Lz,kt) = [p + qM(z, Lz, t)]M(z, Lz, 2kt)
M(z,Lz, kt) = [p + qM(z, Lz, t)]
> [p +qM(z, Lz, kt)]

p
M(z L >— =1
(z, z,kt)_l_q

Thuswe have z= Lz and using step 5-7,wehavez=Lz=
Mz=S=Tz
Sep 9. Since M(X) €AB(X,) thereexist v eX suchthat z
= Mz= ABv. By taking X = v, y =x2+1 in(b),we have

M?(Lv, Mx,,, 4, kt)

* [M(ABv, Lv, kt )M (ST X9, 11, MX3141, kt)]

. [1 N M(Lv, Mx5,44, kt)

2
= [pM(ABv, Lv, t)
+ qM (ABv, STX541t)IM(ABV, MX5,1, 2kt)
M(Lv,z, kt)

Het)

MZ2(z, Lv, kt) = [M(z,Lv, kt)M(z,z, kt)] = |1

= [pM(z,Lv, t) + gM(z, z, t)IM(z, z, 2kt)
M?(z,Lv,kt) [M(z, Lv, kt)M(z, z, kt)]
= [pM(z, Ly, t) + qM(z, z,t)|M(z, z, 2kt)
M?(z, Lv, kt) * [M(z,Lv, kt)] = [pM(z, Lv,t) + q]
= pM(z, Lv,t) +q
M(z, Lv, kt) = pM(z, Lv, kt) + q

q
> =
M(z, Lv, kt) 1= 1

Thus we have z = Lv = ABv. Since(AB,L) is
compatible of type a ,we have Lz = ABz and using step 4
we also z= Bz Thereforez= Az= Bz= S2= Tz= Lz=
Mz, that is z is the common fixed point ot the six mapsin
this case also.
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Sep 10. For uniqueness, let w(w#z) be another
common fixed point of A, B, S, T, L, M. Takingx =z, y=
win(b) we have,

M2(Mw, Lz kt) = [M(ABz, Lz, kit )M (STw, Mw, kt)] = |1 +

M(Mw, Lz, kt)
2
> [pM(4Bz,Lz,t) + qM(ABz,STw,t)|M (4Bz, Mw, 2kt)
M(w,z, kt)
2
> [pM(ABz,Lz,t) + qM(ABz,STw, t)|M(4Bz, Mw, 2kt)
M?(w,z,kt) [M(ABz, Lz, kt)M(STw, Mw, kt)]
= [pM(ABz, Lz,t) + qM(ABz, STw, t)|M(ABz, Mw, 2kt)
Which implies that
M?(w, z,kt) = [p + qM(z,w, t)]M(z, w, 2kt)
> [p + qM(z,w, t)|M(z,w, kt)
MW,z kt) = [p + qM(z,w, t)]
Mw,z, kt) =p + qM(z,w, kt)

14
M > =
(w, z, kt) 1—¢ 1

M?(w,z,kt) = [M(ABz, Lz, kt)M(STw, Mw, kt)] = |1 +

Thus we have z = w. This completes the proof of the
theorem.

Corollary 3.2. Let A,B,S, T, L and M be self mapson
a complete Fuzzy metric space (X, M, )witht t =t for
adlt [01], satisfying

@ LX) S(X) M(X) A(X);

(b) thereexist aconstant k (0,1) such that

1+ M(Lx, My, t)]

2
= [pM(4x,Lx, t) + qM(Ax, Sy, t)|M(ABx, My, 2kt)

M?(Lx, My, kt) = [M (Ax, Lx, kt). M(Sy, My, kt)] = {

for al x, y X and t>0 where 0<p, g<1 such that p+g= 1,
(c) either A or L is continuous;

(d) thepair (L, A) is compatible of type ( ) and (M,S)
isweak compatible then A, S, L and M have a unique
common fixed point.
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